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Abstract 

We show how a large class of boundary RG flows in two-dimensional conformal 
field theories can be summarized in a single rule. This rule is a generalization 
of the 'absorption of the boundary spin '-principle of Affleck and Ludwig and 
applies to all theories which have a description as a coset model. We give 
a formulation for coset models with arbitrary modular invariant partition 
function and present evidence for the conjectured rule. The second half of the 
article contains an illustrated section of examples where the rule is applied 
to unitary minimal models of the A- and D-series, in particular the 3-state 
Potts model, and to parafermion theories. We demonstrate how the rule can 
be used to compute brane charge groups in the example of N = 2 minimal 
models. 



e-mail: stef anOcpht .polytechnique . f r 



1 Introduction 



The study of renormalization group (RG) flows in two-dimensional quantum field 
theories is an important subject in condensed matter physics and statistical me- 
chanics, and it also plays a vital role in string theory. In systems with boundaries or 
defects, there are flows generated by boundary fields which only affect the boundary 
condition and leave the theory in the bulk unchanged. In string theory, such flows 
describe the dynamics of D-branes in a given closed string background. 

How do we find boundary RG flows? For a given boundary perturbation of a 
boundary conformal field theory (BCFT), we have various tools at our disposal. In 
some cases when we perturb by a field which is only 'slightly' relevant, we can apply 
perturbation theory pQ. If the perturbation is integrable, we may use exact integral 
equation techniques (like the Thermodynamic Bethe Ansatz). A method which can 
always be employed is the Truncated Conformal Space Approach where we truncate 
the Hilbert space to a finite-dimensional space and compute RG flows numerically. 

All these tools have helped to get a substantial knowledge about boundary RG 
flows. To organize the informations, we need general, model-independent principles. 
One such principle is the 'g-conjecture' of Affleck and Ludwig pQ which states that 
the boundary entropy g always decreases along a RG flow. Although very important, 
the 'g-conjecture' is not a constructive principle: it only tells us which flows are 
possible and which are not. 

In the case of WZNW models, we have a constructive principle at hand, namely 
the 'absorption of the boundary spin'-principle of Affleck and Ludwig This rule 
is easy to formulate and describes a large class of flows. 

A generalization of this rule to fixed-point free coset models was proposed in 
The formulation there was for coset models with a charge-conjugated modular in- 
variant partition function and boundary conditions of Cardy type. Here, we shall 
present a formulation that is applicable for all maximally symmetric boundary con- 
ditions in coset models with any modular invariant. Furthermore we shall work 
out some arguments supporting the proposal, and employ the rule in a number of 
examples. 

The structure of the paper is as follows: We start with an introduction to coset 
models and their maximally symmetric boundary conditions in section 2. Although 
this is essentially a review of |H Ej, we hope to clarify the role of the modular in- 
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variant when we relate coset boundary conditions to those of WZNW models. In 
section 3, we formulate the 'absorption of boundary spin'-principle and its general- 
ization to coset models and discuss the relation to perturbative calculations and the 
compatibility with the g-conjecture. Through a number of examples, we present the 
rule at work in section 4. We shall make extensive use of a geometric interpretation 
of the boundary conditions as 'branes' to visualize the RG flows. Whenever we are 
aware of results on boundary RG flows in the specific examples, we compare them 
to the predictions of the rule. At the end of section 4 the rule is used to determine 
the charge group of branes in N = 2 minimal models. In the appendix we collect 
the complete results for the critical and tricritical Ising model as well as the 3-state 
Potts model. 

2 Boundary Conditions in coset models 

The coset construction |B] allows to access a great variety of rational conformal field 
theories. Boundary conditions in these models have been investigated in the past. 
Most of the work was concentrated on maximally symmetric boundary conditions, 
i.e. those where the boundary conformal field theory admits the action of the coset 
chiral algebra jj/f). Untwisted boundary conditions in coset models with charge- 
conjugated modular invariant partition function are already covered by the seminal 
paper of Cardy on boundary conditions in rational CFTs [7j. The generalization to 
twisted boundary conditions and more general modular invariants has been worked 
out in [HE]. Symmetry breaking boundary conditions in coset models have been first 
considered in jHl E] relying on previous work in WZNW models fUJ • In the a- 
model approach, boundary conditions in gauged WZNW-models have been studied 
in [T2*l 113*1 IT"""j . Recently there has been also some work on boundary conditions in 
asymmetric cosets [T*5J [THl E] • 

We give a short introduction to coset models to set up our notation. Sub- 
sequently, we discuss some general properties of maximally symmetric boundary 
conditions. The section ends with a review on the construction of boundary states 
from known boundary conditions in the product theory with chiral algebra $j © f). 
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2.1 Coset construction 



From now on let f) C g denote some simple subalgebra of the simple Lie algebra 
g (the generalization to semi-simple Lie algebras is straightforward). We want to 
study the associated g/f) coset model. A more precise formulation of this theory 
requires a bit of preparation (more details can be found e.g. in [T7]). 

Induced from the embedding of f) in q, there is an embedding of the affine Lie 
algebra t)k' into Qk- The level k' is related to k by the embedding index x e , k! = kx e . 
We shall label the sectors TC 1 ^ of the affine Lie algebra \)y with labels V e Rep(f)fc/). 
Note that the sectors of the numerator theory carry an action of the denominator 
algebra Cfc and under this action each sector Tt l g decomposes according to 

K = ®H^®Hl . (1) 

v 

Here we have introduced the infinite dimensional spaces Tt^' 1 '^ which we want to 
interpret as sectors of the coset chiral algebra. The latter is usually hard to describe 
explicitly, but at least it is known to contain a Virasoro field with modes 

L n = L*-Ll . (2) 

One may easily check that they obey the usual exchange relations of the Virasoro 
algebra with central charge given by c = c — c 1 '. 

Note that some of the spaces may be trivial simply because a given sector 

Ti}^ of the denominator theory may not appear as a subsector in a given 7i l g . This 
allows to introduce the set 

£ = {(/,/')GRep(0 fc )xRep&OI^ (M Vo} . 

Furthermore, some of the coset spaces labeled by different pairs (/, /') and (m, m') 
correspond to the same sector of the coset theory. Therefore we label coset sectors 
by equivalence classes [/, I'] of pairs. 

There is an elegant formalism to describe these selection and identification rules 
which is applicable in almost all coset models 1 . It involves the so-called identification 

1 The known exceptions all appear at low levels of the involved afEne Lie algebras, see e.g. the 
Maverick cosets ^Hl 
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group C?id which contains pairs (J , J') of simple currents. It is a subgroup of the 
direct product of the simple current groups of Qk and A simple current J of Qk 
is an element in Rep(gfc) which has the property that the fusion product of J with 
any other representation / contains exactly one sector m =: Jl G Repfjjfc), 

Nji m = S m ,ji ■ 

To formulate the selection rules in coset models, we introduce the monodromy charge 
Qj(l) of I with respect to J in terms of conformal weights, 

Qj{l) = hj + hi - hji mod Z . 

The monodromy charge appears when a simple current J acts on the modular S- 
matrix, 

°Jlm — t- °lm ■ 

We are now prepared to formulate selection and identification rules in terms of 
the identification group Qid of simple currents: 

• A pair (1,1') is allowed, i.e. (1,1') G S, if Qj(l) = Qj>(l') for all (J, J') G £ id 

• Two pairs (1,1') and (Jl,J'V) label the same sector, i.e. 

At this point we want to make one assumption, namely that all the equivalence 
classes we find in S contain the same number N Q = of elements, in other 
words, Qid acts fixed-point free. This holds true for many important examples and it 
guarantees that the sectors of the coset theory are simply labeled by the equivalence 
classes 2 , i.e. Rep(g/h) = £/Gid- It is then also easy to spell out explicit formulas for 
the fusion rules and the S-matrix of the coset model. These are given by 

S[i,i>][ m , m >] = N S? m Si m , (4) 

where the bar over the second S-matrix denotes complex conjugation. 

2 For more general cases, there are further sectors that cannot be constructed within the sectors 
of the numerator theory. 
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2.2 Maximally symmetric boundary conditions 

Let us turn now to coset models with a boundary and summarize some general prop- 
erties of maximally symmetric boundary conditions to be prepared for the concrete 
analysis in section 2.3. 

We want to impose conditions along the boundary gluing left moving and right 
moving fields together with a suitable automorphism uj of the coset chiral algebra. 
The corresponding set of elementary boundary conditions is denoted by B^,^. 

Because of the specific gluing conditions, the annulus partition function involving 
the boundary conditions a, (3 G B^,^ decomposes into coset characters, 

Zj(l) = £ n m Jx m (q) 

with non-negative integers n^/j a @. For a complete set of boundary conditions B^^, 
these numbers are known to form a representation of the fusion algebra !2Uj. 

P [k,k'\ 

The integers n have the further properties 

™[0,0]a = <W 

and 

„ /3 a 

n[i,i'] a — n[i+j'+]/3 
where Z + labels the representation conjugate to /. 

2.3 Boundary conditions from WZNW models 

In the last subsection we have been rather general. It is possible to relate the 
analysis of boundary conditions in coset models to the investigation of boundary 
conditions in the product theory with chiral algebra g© I) PH I^Io"]. Before we enter 
the detailed description, let us sketch our general procedure: we specify a modular- 
invariant partition function of the coset model and from that we construct a partition 
function for the product theory. In the resulting theory we impose gluing conditions 
involving a gluing automorphism u; 9 x (uj^)^ 1 where we assume that u a restricts to 
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f) and ufi = uj s \^. The corresponding boundary conditions of the product theory can 
be projected to boundary conditions in the coset model by certain selection rules. 



partition function Z ^ 




partition function Z ®^ 






gluing . automorphism 








set of boundary conditions 


selection 


set of boundary conditions 


^9/0 


rules 





Let us become more specific. We start with a coset model with the partition 
function 

Z sl \q,q) = Z Vnirn,rn']X m (q)X [m ' m ' ] (q) 
[l,l'],[m,m'} 

with some non-negative integers -£[y],[ mjm ']. To this model we associate a product 
theory g © f) with partition function (following 22 ]) 

Z**{q,q) = Z [i,mrn,rn']X l (q)x m '(q)x m (q)x l '(Q) ■ 

1,1', m,m' 

Note the exchange of the f)-labels I' and w! which is necessary to guarantee modular 
invariance of the product theory. 

In this theory we want to analyze maximally symmetric boundary conditions. 
To this end, we glue the left- and right-moving currents J(z), J(z) of the g and f) 
theory with a gluing automorphism Q indcued from u 3 x (u;'')" 1 along the boundary, 

J(z) = tt(j)(z) for z = z . 

Assume now that we have solved the problem of finding all maximally symmetric 
boundary conditions in the theory, i.e. we have a set of boundary conditions a G B^ et) 
specified by the boundary couplings ip2' 1 . The corresponding boundary state is 

,(M';A) 

l«> = E -^=l(U # ;A)» . 

(l,J';A) V iioii'O 
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Here, (I, I'; A) labels an Ishibashi state in the sector (/, V) and A is an additional 
multiplicity index in the range 

A = 1, . . . , • 

At this point we want to make an important assumption. We assume that we 
can find a basis of Ishibashi states s.t. the action of a simple current on the boundary 
couplings ip is given by a pure phase factor which only depends on a, 

^(JIMW*) = e 2«iQ (JMJl+)) { a ) ^(U';A) for eQid 

This is certainly true in all examples that we considered, but it is unclear whether 
this assumption holds in general (this problem has already been mentioned in j3JE])- 
We are now prepared to write down a set of boundary conditions for the coset 
model. For any a G Bg®h satisfying the selection rule 

Q(JMJ' + ))( a ) = ° for all (J^e £d , (5) 
we define a boundary condition in the coset model which we also label by a, 

^<JW) ;= 0Vo# w(r);A) • (6) 

The Ishibashi states of the coset model are labeled by equivalence classes of pairs 
[1,1'] together with a multiplicity index A running from 1 to -Z[j ) j'],[o;(« + ),w(j' + )]- Note 
that the multiplicity of the coset Ishibashi state [/, /'] and the product Ishibashi state 
(l,u(l' + )) coincide so that we can use the same label A on both sides of eq. (JHJ). 
It is straightforward to verify that the i(jq 1 ' 1 ''^ fulfill the completeness conditions 

E« W ' mW = [m,m']^A,/Lt (7) 

Q 

and 

J2 ^' 1;A) # n;A) = <w • (8) 

«M'];A) 

Furthermore, Cardy's condition which says that the annulus coefficients 



n [l,l']a ~ Q s/t) 

°[0,0][i,i'] 



are non-negative integers, is satisfied, and 

,0/6 P _ . 

J [l,l']a ~ '%u(l f ))a 



r$U = nPi^J . (9) 
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2.4 The factorizing case 

In this section we want to deal with the situation of a 'factorizing' modular invariant 
partition function in the coset theory. We should state more clearly what we mean 
by 'factorizing', namely that the associated modular invariant of the product theory 
is a Qid simple current orbifold of a direct product of a q and a f) modular invariant, 

z m = J- £ Z° Jm Z? fJ , mlX \ q ) X l '( q ) X ™(q) X ™'(q) 

(J,J')&Qid l,l',m,m' 

Qj(l)+Qj>(l')=0 

where Qid = {{J, J')\{J , J'^ 1 ) G Qid}- The boundary conditions a G £>g ffif) in the 
simple current orbifold can be obtained from pairs (L, L') of boundary conditions 
L G £>g and V G of the g and f) theory, respectively. These pairs are subject to 
identification rules, and fixed-points can occur (even if C/y acts fixed-point free on 
the sectors). These orbifold fixed-points can be easily resolved 3 . We shall label the 
boundary conditions by equivalence classes of pairs a = [L, L'], always remembering 
the possible orbifold fixed-point resolution. 

When we want to obtain boundary conditions in the coset model along the lines 
of section 2.3, we only have to impose in addition the selection rules (JSJ) on the 
boundary conditions a = [L,L']. 

We arrive at the final conclusion that - in the factorizing case - boundary condi- 
tions of the coset model are obtained from pairs of boundary conditions of numerator 
and denominator theory by suitable identification and selection rules. This result 
has been formulated first in jl]. There, the authors took a direct way not involv- 
ing boundary conditions in the simple current orbifold. In practice this can simplify 
things: it is not always necessary to do the fixed-point resolution in the orbifold step, 
because it may happen that many of the resolved boundary conditions do not sur- 
vive the selection rules. Still we think that the detour via the simple current orbifold 
has conceptual advantages. Firstly, it shifts all problems with fixed-point resolution 
to the orbifold step. Secondly, it fits in the general framework of section 2.3 which 
is also applicable in the non-f actor izing case. 

In all our examples in section 4, we shall encounter the factorizing case. The 
formulation of the rule for boundary RG flows in section 3, however, is more general 
and can be also used in the non-factorizing case. 

3 In string theory these resolved boundary conditions are called fractional branes. 
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3 RG flows: a simple rule 



3.1 Generalized Affleck-Ludwig rule 

To motivate the rule for boundary RG flows in coset models, we shall first review 
shortly the original proposal of Affleck and Ludwig for the absorption of the bound- 
ary spin in the Kondo model. 

The Kondo model is designed to understand the effect of magnetic impurities 
on the low temperature conductivity of a conductor. Usually a decreasing temper- 
ature will result in an increasing conductivity, because the scattering with phonons 
is reduced (Matthiesen's rule). In some cases, however, when magnetic impurities 
are present, the conductivity reaches a maximum and starts to decrease again. This 
phenomenon is explained by the coupling of the electrons to the magnetic impuri- 
ties. The electrons tend to screen the impurity, and this coupling increases when 
temperatures become low. 

Let us say that the conductor has electrons in k conduction bands. We can 
build several currents from the basic fermionic fields: the charge current, the flavor 
current, and the spin current J(y). The latter gives rise to a su{2) k current algebra. 
The coordinate y measures the radial distance from a spin S impurity at y = to 
which the spin current couples 4 . This coupling is 

H pcrt = A R a J a (0) . (10) 

where R Q (a = 1, 2, 3) is a 2S + 1 dimensional irreducible representation of su(2), A 
is the coupling constant. 

The operator H pert acts on the tensor product V s ®7i of the 2S+ 1 -dimensional 
quantum mechanical state space of our impurity with the Hilbert space Ti for the 
unperturbed theory described by a Hamiltonian H . 

When the boundary spin is large (2S > k), the low temperature fixed point of 
the Kondo model appears only at infinite values of A ('under-screening'). On the 
other hand, the fixed point is reached at a finite value A = A* of the renormalized 
coupling constant A if 2S < k (exact- or over- screening resp.). In the latter case, 
the fixed points are described by non-trivial (interacting) conformal field theories. 

4 We only consider the case of a single isolated impurity. 
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Affleck and Ludwig (23 12] found an elegant rule to determine these strong-coupling 
fixed-points. The spectrum at the fixed-point is given by 

*V*«H> (l H0+H ^)Z X * = E "sMM ■ (11) 

j 

Here, Hq = Lq + c/24 is the unperturbed Hamiltonian, and the superscript ren 
stands for 'renormalized'. By S we label a dominant highest-weight representation 
of su(2). V s denotes the corresponding module of the finite-dimensional Lie algebra 
su(2), and 7i is an irreducible sector of the sw(2)fc-theory. The formula (fTTJl is the 
content of the 'absorption of boundary spin'-principle by Affleck and Ludwig [2*5} l2*j. 

It is straightforward to generalize these considerations to an arbitrary simple 
Lie algebra g. The space TC l can be any of the gVhreducible subspaces in the 
physical state space 7i of the theory. Formula (jllj) means that our perturbation 
with some irreducible representation S interpolates continuously between a building 
block dim(V s )x l {q) of the partition function of the UV-fixed point (i.e. A = 0) and 
the sum of characters on the right hand side of the previous formula, 

dim(V s ) X l (q) — > J2 N s/x j {q) • (12) 

j 

In jS] it was proposed to generalize the 'absorption of boundary spin'-principle 
to coset models. The suggested rule is 

E b s + s' N s>v 3 ' X m (q) — E N Si ■ ( 13 ) 

S',l' j 

Here, S, I and j' label dominant highest-weight representations of g and f), respec- 
tively. The coefficients bss' are the branching coefficients describing the decom- 
position of V s , the corresponding representation of the finite Lie algebra g, into 
representations V s ' of f), 

V s = Qbss'V 3 ' . (14) 

The embedding of affine Lie algebras f) C g guarantees that these representations 
can again be identified with highest-weight representations H s ' of 1). 
The flows (II 3 j) are generated by fields coming from the coset sectors 

n^ n , where V 1 ' C V\ . (15) 
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Here, 9 labels the integrable highest-weight representation which is built from the 
adjoint representation of the Lie algebra g. The adjoint representation I' = 9' of f) 
can be omitted from the list (|15|) if it occurs only once in the decomposition of 9. 

To see that ()13|) is really a generalization of (fT^j) . we should recover the flows 
(|12|) when specializing to the trivial subgroup {e} of q. The primed label can then 
be omitted and the branching coefficient is just the dimension of the representation 
space V s . 

3.2 Simple rule for boundary RG flows in coset models 

From the stated rule (fT3*j) formulated in terms of characters we can infer a rule for 
a flow between superpositions of boundary conditions. Before we discuss how this 
is done, let us present the result. 

Choose a representation S G Rep($j) and a boundary condition a G B^ et) s.t. 

Q(JMJ>-))( a ) + Q(JMJ> + ))( S >°) = for all (J, J') G Q id . 

Then there will be a RG flow between the following coset boundary configurations 
X and Y, 

X := (0,S + |[,)xa — > (S 1 0)xa =: Y . (16) 
Here, we introduced the shorthand notation x to define a superposition of the form 

(MO* a := n$» )fl /»G9) • 

(3 

The label (0, S + \t ) ) has to be understood as 

(0,S + \ h )x... : = 06 5+5 , (0,S')x... 

where bs+s 1 denote the finite branching coefficients defined in (|14j). The flows ()16j) 
are generated by fields from the coset sectors (JTHJ). 

To derive (fTtjj) from (JT3J), we introduce an arbitrary 'spectator' boundary condi- 
tion /3. The annulus partition function Z^(q) can be decomposed into combinations 
of characters that appear on the left side of (|T3j) just using the fact that the annu- 
lus coefficients form a representation of the fusion algebra. The expression that we 
obtain from applying (|13j) can then be rewritten as Z^J 3 , i.e. we find the result 

y 13 y (3 

Zj x > Zj y 
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for arbitrary boundary conditions (3. 

In the remainder of this section we want to give two arguments to support our 
claim. First, we want to relate the rule to results from a perturbative analysis in 
the limit when some levels are large. Then we shall present evidence that the rule 
is compatible with the g-conjecture of Affleck and Ludwig. 

For a general coset theory with semi-simple numerator and denominator there 
occur different levels k r for the simple constituents of the numerator which then 
determine the levels in the denominator. Assume that we take some of the levels 
to very large values of the order of a common scale k 3> 1. In the limit k — > 
oo, there are many coset fields whose conformal weight approaches h = 1 (the 
difference to 1 being of the order 1/k). The RG flows induced by such fields can 
be studied by perturbative techniques. One way is to use the method of effective 
actions. Here, the couplings of the boundary fields are combined into matrices A 
which are interpreted as fields in an effective theory determined by an action «S[A]. 
The equations of motion for A are precisely the fixed-point equations j3 = 0. In 
|2~P l2*Tj the effective action for untwisted boundary conditions in coset models has 
been constructed to leading order in 1/k building upon earlier works in WZNW 
models |25j . The generalization to twisted boundary conditions has been worked 
out in j2E] using results of |27j . 

A special class of solutions for all, untwisted and twisted, boundary condi- 
tions has precisely the form 

(0,S + |f,)xa — ► (5,0) x a , 

but here we have to restrict S to representations s.t. the conformal weight h s s in the 
0-theory is of order 1/k. The rule ([16]) thus extrapolates the perturbative results to 
arbitrary values of the levels. 

The g-conjecture of Affleck and Ludwig states that the boundary entropy g 
decreases along a boundary RG flow X — ► Y, 

9x > 9y ■ 

The boundary entropy gx for a superposition X = @ a X a a (with X a e No) of 
boundary conditions a occurring with multiplicity X a is defined as the sum of the 
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g-factors of the single boundary conditions, 



9X — ^^«3a — y]^a 



00 



The ratio gx/ 9y for the conjectured flow (|16p is given by 

#X _ l^S'P b S+S> n ( ,S')a 9/3 



9y E 7 nJ| V^7 



We simplify this expression by using the fact that the vector is an eigenvector 

of the matrix (nyji))^ with eigenvalue S^y^o/Soo an d obtain a result which does 
only depend on S, 

9x ^2 S ' bss' SqqS&q 
9y Sg S 00 

Hence, if our conjectured rule (fTBj) and the g-conjecture are correct, we obtain the 
following inequality for quantum dimensions of Q and f) (S ^ 0), 



A^ bss '^r > Q8" • ^ 

S > ^00 °oo 

This inequality can be used to test our proposal. 

For diagonal cosets Qk ®Qi/Qk+i the inequality is satisfied. This follows from the 
fact that the quantum dimension Sg^/S^ of a fixed representation S is a monoton- 
ically increasing function of the level k. Unfortunately, for general coset models we 
have not found a proof yet. However, numerical checks have been performed in a 
large number of coset models, all in accordance with the conjecture. Furthermore, 
when we take some levels to be large, we can confirm the inequality in a perturbative 
calculation (see appendix A). 

This ends our discussion of the general properties of the rule We have 

given some evidence by showing that the rule is consistent with the perturbative 
results and, although not completely proven, with the g-conjecture. The next section 
will provide more evidence coming from specific examples where the rule is able to 
reproduce a number of known flows. 
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4 Examples 



In this section we shall present the rule at work in a number of examples. In 
all these examples we shall first give the field content of the theory (coset sectors) 
and the boundary conditions by specifying identification and selection rules. Then 
we shall formulate the annulus coefficients for the coset boundary theories. The 
boundary conditions for the associated product theory are obtained by forgetting 
the selection rules on them, and the corresponding annulus coefficients are related to 
the ones from the coset model by (JHJ). We shall introduce a pictorial representation 
of the boundary conditions as branes in some target space. This is followed by an 
application of the rule (fTB|) to identify flows which are visualized as 'brane processes'. 
For some models we collected the complete results in appendix B. 

4.1 Minimal Models, A series 

The unitary minimal models can be constructed as diagonal cosets of the form 
su{2)k © sm(2)i/su(2)a; + i with an integer k > 1. The modular invariant parti- 
tion functions for these models are completely classified [2E1 1213 EH] (see also [T7]): 
in this subsection we shall deal with the A series which is sometimes denoted as 
(Ak+i, Ak+2)- 

The sectors of the theory are labeled by three integers [fa, fa, I'] in the range 
fa — 0, . . . , k; fa = 0, 1; I' — 0, . . . , k + 1. Selection rules force the sum h + fa + I' to 
be even, and there is an identification [fa, fa, I'] ~ [k — fa, 1 — fa, k + 1 — /'] between 
admissible labels 5 . The adjoint field from the sector [0,0; 2] that induces the flow 
described by the rule (fTp^l has conformal weight h = (k + l)/(k + 3). 

In the A-series we are in the Cardy case, i.e. the boundary conditions a are 
labeled by triples [Li, L 2 , L'\ taking values in the same range as the sectors including 
selection and identification rules. 

The annulus coefficients are just given by the fusion rules N^ k ' and 7V( fe+1 ) of 
su(2) k and su(2) k+1 resp., 

We now want to give a pictorial representation of the boundary conditions. Coset 
5 The relation to the usual Kac labels (r, s) is r = h + 1 and s = I' + 1. 
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Figure 1: The geometrical representation of boundary conditions in the minimal 
model A-series. 



models can also be formulated as non-linear cr-models on a background geometry 
which is essentially given by the space G/Ad H where we divide the group G by the 
adjoint action of the subgroup H . The boundary conditions can then be described by 
certain subspaces ('branes') onto which the boundary of our two-dimensional world- 
sheet is mapped O EH . One should be aware that this geometrical interpretation 
is only valid for large values of the level. If one, however, views the pictures just as 
a nice tool to illustrate the boundary conditions, we can profitably employ them for 
arbitrary levels. 

In the case of minimal models we describe the background as a solid cylinder with 
squeezed ends |2*T] . The boundary conditions are represented by branes, extended 
objects of dimension 0,1 and 2. Let x be the coordinate along the axis of the cylinder, 
z the coordinate along the squeezed ends and y a third coordinate perpendicular to 
the others (see fig.EJ). All branes [L 1; L 2 , L'\ are located along surfaces of constant z 
and are maximally extended in the ^/-direction. In x they stretch between two values 
x m i n and x max . The boundary conditions with V = 0, k + 1 are represented as points 
at the top or bottom of the cylinder, the ones with L = 0, k are one- dimensional 
objects stretching in y-direction (see fig. Q). We shall give explicit formulas for 
z, x min , x max . The coordinate z lies in the range [0,1], and the coordinate x takes 
values in [0,k], 

= f FfT for L 2 = 1 x min = \Li - ^Z/| 

\ 1 - ^ for L 2 = ' x max = maxjLi + ^L', 2k - L x - ^L'} 
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The rule (|16|) describes a large number of flows for many different starting config- 
urations. We shall concentrate here on two types of starting points: a single bound- 
ary condition and a superposition of boundary conditions of the form [0, I 2 , I']. 

Assume that we want to study flows starting from the boundary condition 
[Li, L 2 , L'\ with 1 < V < k. To apply our rule (|16|) . we have to find a bound- 
ary condition a and a 'boundary spin' S s.t. 

(0,S%)xa = [L U L 2 ,L'] . 

On the one hand we can set a = [L±, I 2 , 0] and S = (L f , 0). This corresponds to the 
flow 

[L U L 2 ,L>] — N$ V J [JMA • (18) 
j 

On the other hand, the choice a = [k — L%, 1 — L 2 , 0] and S = (k + 1 — L', 0) leads 
to the flow 

[L>i, L 2 , L'\ — <W [J,1-L 2 ,0] . (19) 
j 

The number of elementary boundary conditions appearing on the r.h.s. of (fTSj) and 
(|19|) can be different depending on the values of L\,V. Assume that L\ + L' < k 
which we can always achieve by using the identification rules. For L\ < L' we find 
a superposition of L\ + 1 boundary conditions in both flows (fTHj) and (fT^j) . These 
flows are illustrated in fig. |21 For L\ > L' there are L' + 1 boundary conditions on 
the r.h.s. of ()18j) . but in (|T9*|) we find a superposition of L' boundary conditions (see 

fig. ED- 

The first of the flows, ()18|). has been analyzed in perturbation theory for large k 
in j3T], the second one, (|19|). cannot be seen in this limit. Nevertheless, both flows 
are known to exist EH1 Ell- They are generated by the [0,0,2] field (in Kac 
labels (1,3)) and differ by the sign of the perturbation. This is in agreement with 
our general statements (fTB^) on the boundary fields generating the flow. 

Now let us choose a superposition of boundary conditions with a trivial first 
label. We set S = {In, 0) (1 < L x < k) and a = [0, 1 2 , 1'} in ^TBJ) and obtain 

<+ 1)J [0,W]^ [Ii,l2,l'\ ■ (20) 
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Figure 2: A pictorial representation of the flows (JTBJ) and ([!§]) for L t < L', Li + L' < 
k: a single brane can flow to a superposition of point-like branes. 




Figure 3: A pictorial representation of the flows ()18j) and (fn?|) for L\ > L', L\ + L' < 
k: a single brane can flow to a superposition of point-like branes. 
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Figure 4: Pictorial representation of the flows (J2(Jj) and (|21j): a superposition of 
string-like branes can flow to a single brane. 

On the other hand, we could choose a = [0, L 2 , k + 1 — L'] and S — (k + 1 — Li, 0) 
which leads to 

N<£P J [0, L 2 , J] — [L x - 1, 1 - La, L'] . (21) 

The two flows are illustrated in fig. HJ Again, perturbation theory for large k can 
only see the first of these flows |2TJ EH] ■ 

4.2 Critical Ising model 

The simplest model in the unitary minimal A-series is the critical Ising model with 
k — 1. There are three boundary conditions, the free one and two with fixed spin 
(up or down) at the boundary. Our geometrical picture reduces to a cushion-like 
background where the fixed boundary conditions are point-like objects at the top and 
bottom whereas the free boundary condition is a string-like object sitting precisely 
in the middle of the cushion (see fig. EJ). 

Starting from the free condition, the system can be driven into a theory with fixed 
spin. These are precisely the two flows (|T5jl. (fTTJj) . They are depicted in fig. Flows 
starting from a superposition of boundary conditions can be found in appendix B. 
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Figure 5: Ising model: flows from the free boundary condition to spin up or spin 
down. 

4.3 Tricritical Ising model 

The second model in the unitary minimal series is the tricritical Ising model with 
central charge c = 7/10. Once more, the flows triggered by the (l,3)-field as ana- 
lyzed in [32] are correctly reproduced by (|T8j) and (fT§j). There are, however, more 
flows known which correspond to a perturbation with other fields j3H]- As the rule 
depends on the specific coset construction, it is possible to find additional flows 
by choosing different coset realizations of the same theory. For the tricritical Ising 
model, such alternative realizations do exist. One is given by (^7)1 © (E 7 )i/(E 7 ) 2 . 
When we apply our rule to this coset construction, it reproduces the two known 
flows caused by the (3, 3)-field. In Kac labels they read 

(2,2) — (3,1) , (2,2) — (1,1) , 

and they are depicted together with the other flows in fig. |H1 These two flows also 
appear in higher minimal models j3JJ where we do not know a coset realization for 
the (3, 3)-perturbations. This may be related to the observation that the tricritical 
Ising model seems to be the only theory in which the considered perturbations 
are integrable [27] . Nevertheless, recovering flows from the exceptional E 7 coset 
construction can be considered as an important check of the conjectured rule. 

There are more realizations of the tricritical Ising model as coset model [3*Hj . 
but only for one of them our rule predicts flows starting from single boundary 
conditions. This is the construction as a so(7)\/ '((^2)1 coset model. The flows found 
there coincide with the (l,3)-flows (fT9*|) . i.e. with those flows found in the SU(2) 
construction that cannot be seen in the perturbative approach. 

In appendix B we collected the complete results, i.e. all flows described by the 
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rule (fTKj) including those that start from a superposition of boundary conditions, for 
the su(2) and the E 7 construction. 

4.4 Minimal Models, D-Series 

For the minimal models with k > 3, there is in addition to the diagonal modular 
invariant (A-type) another modular invariant giving rise to the D-series of minimal 
models. Up to some exceptional values of k, these form all possible modular in- 
variants for the minimal models. Depending on k being even or odd, we distinguish 
between minimal models of type (Dfc+4, A fc+2 ) an d (A fc+1 , Dw), and we shall discuss 

2 2 

these two classes of models separately. 
(D,A): k even 

Boundary conditions a in the (D,A) models are labeled by triples [Li, L 2 , L'\ where 
L' = 0, . . . , k + 1 and L 2 = 0, 1 lie in the usual ranges whereas L x takes the values 
0, 1, . . . , I — 1, [|, +], [|, — ]. The sum L\ + L 2 + L' of boundary labels has to be 
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even 6 . We have the identifications [Li, L 2 , L'\ ~ [Li, 1 — L 2 , k + 1 — L'\ where 



Li 



[§, =f] for L x = [§, ±] and § odd 



Li 



otherwise . 



(22) 



The annulus coefficients can be written as a combination of the annulus coefficients 
for the su(2) model at level k with D-type partition function and the fusion 



n 



DJfc 



rules of su(2) 1 and su(2) fc+1 , 

[Ji,J 2 ,J'] _ „r>,k J t N (l) ./■_> v iA-J.).y' 



Here, n D,fc is given by 



*l 2 L 2 ly l'L' 



+ n 



atv-J J2 Ar( fe + 1 ) J' 
iV J 2 (l-L 2 ) iV i'(fc+l-I/) 



n 



D,fc Jj 



iiM (fc-ii)Li 


for 


■A; Li 7^ | 






for 


Jl 7^ |? -^1 




11^1 


for 


Ji = [* ±], 




0/l mod 4 


for 


Ji = L x = 


i±] 


0/l-2 mod 4 


for 


Ji = [|,±], 


£i = [f,=F 



(23) 



The geometry of the minimal models of the (D,A)-series is the cylinder of the 
A-series divided by the reflection at the plane at x = k/2 (see fig. |7j). The branes 
which are symmetric with respect to the reflection split into two 'fractional branes'. 



We are only going to discuss flows starting from a single boundary condition 
[Li, L 2 , L'\ with V ^ 0, k + 1. Because of the identification rules we are allowed to 
choose V < |. We distinguish three cases: 

• Li + L' < |: 

In (fT7)j) we choose a = [Li, L 2 , 0] and S = (L', 0) and find the flow 

[L U L 2 ,L'} — 0^/[ J »^,O] . (24) 
j 

6 When we use L\ only as a numerical value and not as a label, we forget about the possible 
signs ± from fixed-point resolution. 



21 



n 

I \ 
I I 

I 1 ) 

I I 
\ i 

u 



Figure 7: The geometry of the (D,A)-minimal model is the cylinder of the A- minimal 
model modulo the reflection (indicated by the arrow) at the x = fc/2-plane. 




Figure 8: The flows (J2H) and (|23|) illustrated in the half-cylinder geometry of the 
(D, A) -minimal models. 

Alternatively, we choose a = [Li, 1 — L2, 0] and S — (k + 1 — L', 0) and obtain 

[L U L 2 ,L'\ — 0<; (J/ _ 1} J [J,l-L 2 ,0] . (25) 
j 

The flows are illustrated in fig. |HJ 

• \<L X + V, L x ^\ 

As in the previous case, we set a = [Li,L 2 ,0] and 5* = (L',0). The rule (fTH|l 
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Figure 9: The flows (J2T?|) and ()27|) in the (D,A)-minimal model. Some of the branes 
appear with multiplicity 2. Note that the point-like branes sitting on the fixed-plane 
come in pairs of fractional branes indicated by + and — . 

then leads to 

[L U L 2 ,L>] — > 0K»/ + iV£, fe - J )[J,L 2 ,O] (26) 
j<- 

© ([*+], Lt,0) 

© NgJ ([* -],i 2 ,0) 

We find a second flow for a = 1 — L 2 , 0] and S = (k + 1 — L') , 

[Li, L 2 , L'} — ©(^^Z + iViV^-- 7 ) [J, 1-^,0] (27) 
j<- 

© <W-D f [[!,+], i-^ 2 ,o] 
© <W-D f ([[!,-], i-^ 2 ,o] 

We have depicted the flows in fig. El 

• L\ — [§, +] (analogously for [|, — ]) 

Here we find the flows 

f ([§,+], L 2 ,0) L' = mod 4 

[L U L 2 ,L'] — > A^ f J [J,L 2 ,0] © i ([|,-],L 2 ,0) L' = 2 mod 4 (28) 

J<| " [ L'odd 
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Figure 10: The flows (|28|) and ()29|) for V = 2. In contrast to the flows in figure 01 
all branes only appear with multiplicity 1. Note that the sign of the fractional brane 
at the RG end-point depends on the value of V . 



and 

f ([§,+], ^2,0) L' = l mod 4 

[L U L 2 ,L'} — iV ( ^_ i)f J [J,L 2 ,0] © J ([|,-],L 2 ,0) L' = 3 mod 4 (29) 

J<| \ L' even 

One example for the described flows with V = 2 can be found in figure 
(A,D): k odd 

In the (A,D)-series of the minimal model, we label the boundary conditions by triples 
[L\, L 2 , L'\ where L x = 0, . . . , k, L 2 = 0, 1, and 11 = 0, . . . , [*±1, +], [*±1, -]. 
Selection rules force the sum L\ + L 2 + L' to be even, triples [Li, L 2 , L'\ and [A; — 
Li, 1 — L 2 , L!\ are identified. Here, V is defined as in (122)) with replaced by k+ 1. 

The annulus coefficients are given by the fusion rules of sw(2) at level and 1 
and by the annulus coefficients n D,k+1 of the sw(2)fc +1 model with D-type modular 
invariant (see 

[Jl,J 2 ,J'] _ Ar(fc) Ji at(1) J 2 _D,fe+l J' , N (k) Ji *r(l) J 2 D,fc+1 J' 
U [/i,« 2 ,«'][Li,L 2 ,L'] - JV ZiLi JV « 2 L 2 'Vi' iV h(fc-Li) JV / 2 (1-L 2 ) 'Vl/ 

The geometry of the (A,D)-minimal models is obtained from the cylinder geom- 
etry of the A-series by dividing out the reflection at the center (see fig.llip. A brane 
which is symmetric under this reflection splits into two fractional branes. 



24 



Figure 11: The (A,D)-minimal model is described by the cylinder geometry of the 
A-series modulo the reflection at the center (indicated by the arrows). 

As in the (D,A)-case we look for flows starting from a single boundary condition 
[L%, L 2 , L'] with L' ^ 0. We have to distinguish two cases: 

When we choose a = [L 1( L 2 , 0] and S = (L 1 , 0) in (fTtjj) . we find 

[L X ,L 2 ,L') — N k LiL , J [J,L 2 ,0] . (30) 
j 

Similarly, for a = [k — L%, 1 — L 2 , 0] and S = (k + 1 — L',0) we obtain 

[Li,L 2 ,L'] — N h Ll{L ,_ x) J [J,l-L 2 ,Q] . (31) 
j 

These flows are shown in fig. 

By setting a = [Li, L 2 , 0] and S = (^-, 0) we find a flow for a superposition 
of two boundary conditions, 

[la, L 2 , [*±1, +]] © [L 1; L 2 , [Ml, -]] — N^ k+1 J [J, L 2 , 0] . (32) 

J 

An example for this flow is shown in fig. ED 
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Figure 12: The flows (|3Uj) and (}3*T]) in the (A,D)-minimal model. 




Figure 13: The flow (|32J) in the (A,D)-minimal models starting from a superposition 
of two fractional branes + and — . 

4.5 Parafermion series 

The parafermion series can be realized by the cosets su(2)k/u2k- The sectors of the 
theory are labeled by pairs [/, I'] where I = 0, . . . , k and I' is a 2A;-periodic integer 
for which we usually choose the range I' = —k + 1, . . . , k. Selection rules force the 
sum I + I' to be even, and the pairs [I, I'] and [k — 1,1' + k] are identified. The fields 
which appear as perturbing fields in our rule have conformal weight h = (k — l)/k. 

The maximally symmetric branes in parafermion theories come in two classes: 
the untwisted branes (A-branes), and the twisted branes (B-branes). The untwisted 
branes are the usual Cardy branes and carry labels [L, L'] from the same set as the 
sectors. The annulus coefficients are given by 

[J, J'] _ r AT^J _L A J 

n [l,l'][L,L'] — Ol'+L'-J' mod 2k ^ n + Oy+L'- J'+k mod 2k ^Uk-L) 

where are the fusion rules of su(2)k- 
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Figure 14: A generic untwisted brane [L, L'\ in the parafermion model and the 
geometric interpretation of the labels of the brane. The possible positions of the 
point-like branes of type [0, L'\ are also indicated. 

In the limit of large levels k, the parafermion models can be described by a non- 
linear cx-model on a disc with non-trivial metric (sometimes this geometry is called 
'bell'). We want to use this picture to visualize boundary conditions as branes. The 
untwisted branes [0, V) appear as point-like objects sitting at k special equidistant 
points on the boundary of the circle. The other untwisted branes [L, L'] are one- 
dimensional objects that stretch between these points (see fig. HJ). These pictures 
have been introduced in [TU] . 

Let us now apply the rule ()16|) to untwisted boundary conditions. The general 
result is 

[L, L' - S] © [L, L' - S + 2] © • • • © [L, U + S] — > jvjg J [J, L'\ 

j 

for any label L, L', S with L + Ll + S even. An example of a flow with L = 2, S = 1 
is graphically presented in fig. Particularly interesting is the case L = where 
the end configuration consists only of a single boundary condition: 

[0,L'-S]®[0,L'~S + 2]®---®[0,L' + S] — > [S, L'\ . 

Such a flow is shown in fig. El 

In addition to the untwisted (Cardy) boundary conditions there are twisted ones 
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Figure 15: Two untwisted branes in the parafermion model with L = 2 flow to a 
configuration of a L = 1 and a L = 3 brane. 




Figure 16: Four point-like branes condense into a single extended brane. 

which involve a non-trivial automorphism u. In the u(l) part it acts as reflection, 

u(J){z) = -J(z) , 

on the numerator su{2) it acts only as an inner automorphism. The twisted bound- 
ary conditions have first been constructed in [10]. 

These boundary conditions are labeled by pairs [L, L'\ where L = 0, . . . , k is 
an integer coming from the numerator part, and the sign V — ± comes from the 
twisted U(l). Selection rules force L to be even in combination with the sign L' = +, 
and odd if it comes with V = — . As V is determined by L, we shall often leave it 
out and write [L, ■}. Furthermore, there is an identification between pairs, [L, +] ~ 
[k — L, (— l) fe ]. For even k, the pair [|, L'\ is a fixed-point of this identification, 
and the corresponding boundary condition has to be resolved into two elementary 
boundary conditions [|, L'; ±]. 
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Figure 17: A generic twisted brane [L, ±] in the parafermion model. For L = the 
brane becomes point-like. If k is even we find two branes for L — | which cover the 
whole disc. 

The annulus coefficients (before fixed-point resolution) are given by 

[J, J'] _ ATWJ^ J' I AT( k ) Jr, J' 

n[i,v][L,L'Y - N lL n V u +l\ k _ lL n k+V y 
where the coefficients n S t L i J ' for the twisted U(l) read 

i f 1 I' even _ , f I' even 

ni '- = ni '+ = \ V odd ' nv+ ~ = ni '~ = \ 1 I odd • 

The resolution of the fixed-point for L = k/2 is straightforward. 

In our geometric picture the brane [0, +] appears as point-like object in the center 
of the disc, and the branes [L, ■} are two-dimensional discs placed at the origin (see 
fig.inj) 7 . 

The rule (j!6|) applied to the twisted parafermion branes (ignoring again the fixed- 
point resolution) describes a flow from a superposition of S + 1 identical boundary 
conditions [L, ■} to some other configuration, 

(S + l) [L, •] ^0ivf L ) J [J,-] . 
j 

An example for L — 0, S = 1 is shown in fig. ITS1 

7 Note that from the point of view of closed strings as derived in JOj , the smallest twisted brane 
is not point-like, but has a small, non-zero radius. We do not want to discuss these differences any 
further, as the only purpose of the geometrical pictures here is to visualize the boundary conditions 
and the boundary RG flows. 
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Figure 18: Two of the smallest twisted branes condense into a larger disc. 



There is a different realization of the parafermion series, namely as diagonal coset 
models su(k)\ ®su(k)i/su(k)2. Here, the adjoint field which induces the flows has 
conformal weight h = 2/(k + 2). In this realization, we can even find flows starting 
from single boundary conditions, e.g. a one-dimensional brane at the boundary of 
the disc flows to a point-like one. We leave it at these general words here, but we 
shall work out the flows for k = 3 in section 4.6. 

4.6 3-state Potts model 

The 3-state Potts model is a square lattice model where at each site i there is an 
angular variable 9i taking values 0, ±27r/3. The interaction is given by the classical 
Hamiltonian 

/3H = -cJ2 cos ( d i- d j) > 

<i,i> 

the sum running over nearest neighbor pairs. When the model is at its critical 
coupling, it can be described by a conformal field theory. Introducing a boundary 
into the problem, one can show that there are 8 possible boundary conditions |3lH 
40 . These are the free boundary condition, the three different fixed boundary 
conditions, three mixed boundary conditions (one of the three spin states is forbidden 
at the boundary) and one additional boundary condition whose interpretation in the 
classical Potts model is not as simple as for the others (see [30J for details). We use 
the nomenclature of jSH] and call the boundary conditions F, A, B, C, AB, BC, 
AC and iV (for 'new'), respectively. 

The CFT describing the critical 3-state Potts model is a minimal model of central 
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Sm(2) 3 


Boundary label from 

su(2) 3 ®su(2) 1 su(3)iffisu(3)i 


g-factor 


Notation 
from |39j 


8(1)3 


3-2(2)4 


SS(3)2 


ro 01 

[U, Uj 


[0,0,0] 


[(0,0), (0,0), (0,0)] 


N 


A 


[0,2] 


[0,0,2+] 


[(0,0), (0,1), (2,0)] 


N 


B 


[0, -2] 


[0,0,2-] 


[(0,0), (1,0), (0,2)] 


N 


C 


[1,1] 


[2,0,2-] 


[(0,0), (1,0), (1,0)] 


NX 2 


AB 


[1,3] 


[2,0,0] 


[(0,0), (0,0), (1,1)] 


NX 2 


BC 


[1,-1] 


[2,0,2+] 


[(0,0), (0,1), (0,1)] 


NX 2 


AC 


[1,-] 


[1,0,1] 


[0,0,0; a;] 


NX 2 V3 


N 


[0,+] 


[3,0,1] 


[0,0,1; u] 


Ny/3 


F 



Table 1: Boundary conditions in the 3-state Potts model in three different coset 
constructions. The g-factors are given in terms of AT 4 = (5 - VI) /2 and A 2 = 
(l + V5)/2. 

charge c = 4/5. It can be obtained by various coset constructions: it belongs e.g. 
to the minimal D-series for k = 3 and to the parafermion series also for k = 3. In 
addition to these two realizations, we shall review the construction as a diagonal 
su(3) coset. In all these realizations we determine flows between boundary conditions 
using the rule (|16|). In this section, we shall see the rule in action in examples with 
twisted boundary conditions. 

We start with the construction as a 

^(2)3 

coset that we already encountered in the discussion of parafermion theories in sec- 
tion 4.5. The untwisted branes are labeled by pairs [L, L'] where the labels L and 
L' lie in the range L — 0, 1, 2, 3 and V = —2, —1, 0, 1, 2, 3. Selection rules force the 
sum L + V to be even, and the pairs [L, L'] and [3 — L,L f ± 3] label the same brane. 
These are the usual Cardy branes, and there are six of them in the model. We 
adopt the geometric interpretation from section 4.5. In this interpretation, three 
branes are points on the boundary of the disc and correspond to the three fixed 
boundary conditions A, B, C. The other three describe mixed boundary conditions 
AB, BC, AC and are represented as lines (see fig. fTTJj) . 
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Figure 19: Pictorial representation of boundary conditions in the 3-state Potts 
model. 

The remaining two boundary conditions can be constructed as twisted branes. 
They are labeled by pairs [L, ±] where L = 0, . . . , 3 is an integer coming from 
the numerator part, and the sign ± comes from the twisted U(l). Selection and 
identification rules leave us with the two boundary conditions [0, +] ~ [3, — ] and 
[1, — ] ~ [2, +]. In our geometric picture the brane [0, +] appears as point-like object 
in the center of the disc, and the brane [1, — ] is a two-dimensional disc placed 
at the origin (see fig. [I9*|l . They are the 'free' and the 'new' boundary condition, 
respectively. Table gives an overview of boundary conditions in this particular 
model. 

Now, we want to apply our rule to determine RG flows. We first observe that 
the rule does not describe flows starting from a single boundary condition. Instead, 
we shall analyze all possible flows for superpositions of two boundary conditions. In 
all these cases the boundary spin triggering the flow is S — 1. 

We start with untwisted branes. Applying the rule (jTUjl for a — [L — 0, V — 1], 
we find the flow 

A®B = [0,0] ©[0,2] — > [1,1] = AB . 




As one could already infer from symmetry arguments, there are also the flows B © 
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C -> BC and A © C -> AC. Starting instead with a = [1, 2] we find 

AB®BC = [1,1] ©[1,3] — ► [0,2] ©[2, 2] = B ® AC , 




analogous results can be obtained for permutations of the letters A,B,C. 
Choosing a = [0, — ] in (fTBj) yields the flow 

2-F = 2-[0,+] — [1,-] = iV . 




If we set a = [1, +], the resulting flow is 

2-N = 2 •[!,-] — ► [0,+]ffi[2,+] = F®N 




These are all flows provided by the rule ()16|) for superpositions of two boundary con- 
ditions. The field responsible for the flows comes from the coset sectors 7i^°' ±2 ^ and 
has conformal weight h = 2/3. This can be concluded from our general prescription 
in section 3 (see eq. 

We now turn to the description of the Potts model as diagonal su{2) coset, 

su(2) 3 © su(2) 1 
sm(2) 4 

where the modular invariant is obtained from charge-conjugated modular invariants 
in the numerator, the denominator sw(2) 4 contributes a D 4 modular invariant. The 
perturbing field comes from the adjoint sector [0, 0, 2] and has conformal weight 
h = 2/3. 

We find four boundary conditions L\ = 0, 1, 2, 3 in the su(2)3 part and two 
boundary conditions L 2 = 0,1 in the su(2) 1 part. The su(2) 4 part has a _D 4 modular 
invariant. There are four boundary conditions which we label by V = 0, 1, 2+, 2—. 
The coefficients of the corresponding boundary states in terms of Ishibashi states 
can be found e.g. in [20J. 
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Identification and selection rules leave us with eight boundary conditions for 
the 3-state Potts model. They are given in table ^ Applying our rule, we observe 
first that we find the same flows involving superpositions of two boundary conditions 
that we discussed in the parafermion construction. In addition we find flows relating 
'free' and 'new' boundary conditions with the others, namely (for superpositions of 
maximally three boundary conditions): 




Let us finally discuss the construction of the Potts model as 

su(3)i © sw(3)i 
su(3) 2 

coset. Its sectors are labeled by three su(3) weights 

[(h,h), (mi,m 2 ), (Zi.Za)] 
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where lj,mj,^ are non-negative integers (Dynkin labels) obeying 

< h + h < 1 , < mi + m 2 < 1 , < l[ + l 2 < 2 
2(/i + mi - Z'J + l 2 + m 2 - l 2 = mod 3 . 

The sectors are identified according to the field identification 

[(I 1 ,l2),(mi,m2),(l[,l , 2 )\ ~ 

~ [(l-/ 1 -/ 2 ,/ 1 ),(l-m 1 -m 2 ,m 1 ),(2-/' 1 -^,/' 1 )] . 

What remains are 6 sectors. According to the standard Cardy construction, these 
give rise to 6 boundary conditions which are listed in table ^ along with their g- 
factors. Before we go to construct the remaining two boundary conditions, we want 
to look for RG flows. 

Let us start with the boundary condition AB and exhibit what flows are 'pre- 
dicted' by (fTtjj) . We choose the perturbation S = ((0, 0), (0, 1)) and find the flow 

AB = [(0,0), (1,0), (1,0)] — [(0,0), (0,0), (0,0)] = A . 




The spin S = ((0, 1), (0, 0)) leads to 

AB = [(0,0), (1,0), (1,0)] — [(0,0), (0,1), (2,0)] = B 




Analogously, we find BC — > B, BC — > C and AC — > A, AC — > C. These constitute 
all flows from single boundary conditions described by the rule. For a superposition 
of two boundary conditions we find flows of the form 

AC © B — ► A . 




The two remaining boundary conditions can be obtained from twisted gluing 
conditions using an automorphism which interchanges the two Dynkin labels of 
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Figure 20: Some of the boundary RG flows found in the 3-states Potts model. 
The vertical ordering of the configurations is done according to the g-factors. The 
conformal weight of the field responsible for a flow is quoted. 

the su(3) theories. In the su(3)i there is only one sector left invariant under this 
automorphism, in the sw(3)2 theory there are two. In total we find two twisted 
boundary conditions 

[0,0,0; a;] and [0,0, 1; a;] , 

there are no selection or identification rules in this example. We can calculate their 
g-factors (see table and identify the two boundary conditions as the 'new' and 
the 'free' boundary condition, respectively. 
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Again, we want to investigate what flows are described by the rule Let us 
start with the 'new' boundary condition and try the perturbation S = ((1, 0), (0, 0)). 
This leads to 

N = [0,0,0; u] — ► [0,0,1; a;] = F . 




We can identify the field that drives the described flows. From our general 
prescription (JEJ, we conclude that the perturbing field is [(0, 0), (0, 0), (1, 1)] and 
has conformal weight h = 2/5. 

Let us compare our results with the work of Affleck et al.[3""j (see also [M]). They 
find several flows driven by fields of conformal weight h = 2/3 and h = 2/5. The 
flows they find are all reproduced by our rule. For single boundary conditions we 
find exact coincidence, for superpositions our rule suggests further flows that have 
not been analyzed in 

Figure 12*01 summarizes part of the results for boundary RG flows in the 3-states 
Potts model obtained by the rule ()16|) . The complete results can be found in ap- 
pendix B. 

4.7 N = 2 Minimal Models 

As last example we choose the supersymmetric parafermion theories, the N = 2 
minimal series. They can be constructed as cosets su(2) k © u^/^k+i- The sectors 
of the theory are labeled by triples [h, I2, 1'] where 8 h — 0, . . . , k and I' is a (2k + 4)- 
periodic integer with standard range I' = —k — 1, . . . , k + 2. The third label I2 can 
take the values I2 = —1, 0, 1, 2. Selection rules force l± + I2 + I' to be even and the 
triples [h, I2, 1'} and [k — li, I2 ± 2, 1' ± (k + 2)] label the same sectors. 

The discussion of boundary conditions is analogous to the parafermion case (sec- 
tion 4.5). There are untwisted boundary conditions (A-branes), labeled by triples 
[Li, L 2 , L'], and twisted ones (B-branes) "TUJ. As many results can be directly trans- 
lated from the parafermion case, we are not going to repeat the whole picture here, 

8 Usually the sectors are labeled by the triples (I, m, s) where I corresponds to h, m to I' and s 
corresponds to h ■ We choose a different order here and put all labels that belong to the numerator 
theory to the front. 
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Figure 21: Some flows in the N = 2 minimal model for k = 3. 
but restrict our discussion now to untwisted, 'even' (L 2 = 0, 2) boundary conditions. 

Geometrically they can be displayed by straight, oriented lines (orientation de- 
pends on the label L 2 ) stretched between k + 2 special punctures on a disc [TU]. The 
smallest lines connecting two neighboring points have a label L\ = 0, k. 

Let us see what flows are described by the rule (fTfij). Let us choose Li,L 2 , L', S 
s.t. L\ + L 2 + L' + S is even. Then we find the flow 

[Li, L 2 , L' - 5] © [Lx, L 2 , L' - 5 + 2] © ■ ■ ■ © L 2 , U + 5] 

— 0^2/^ L 2 ,L>] . (33) 
j 

We show some examples for k = 3 in figures and [221 

At the end of this section, we want to show how these results can be used to 
determine the group of brane charges in the N = 2 minimal models. We assign 
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Figure 22: Flows (}3*3*j) in the N = 2 minimal model for k = 3: the first one is 
obtained by setting S = k, Li = 1, the second one by setting S = k, Li = 0. 

charges Q\l^mv\ to the boundary conditions s.t. they are conserved during RG 
flows. From the rule we see immediately that all charges can be expressed by the 
charges Q[o,l 2 ,l'] of boundary conditions with L\ = (just set L\ to zero in the 
flow (|33|)V This means that for the even untwisted boundary conditions we have 
at most the charge group Z 2fc+4 , one copy of Z for every boundary condition with 
Li = 0. Now, the rule implies more constraints on the charges. It turns out that in 
the end we remain with the relations 

Q[0,0,L'-k-l] + Q[0,0,L'-k+l] + • • • + Q[0,0,L'+k+l] = (34a) 

Q[0,0,L>] = -Q{0,2,L>] ■ (34b) 

To find (j34aj) . it is sufficient to consider the flows with S = k and L\ = 1 in ()33|) 
(see e.g. the first flow of figure I2*2j) . The second relation (j34b|) results from flows 
with S = k and L\ = (see the second flow of figure l2*2"j) combined with (|34aJ) . One 
can then show that other flows do not give any further constraints. 

To summarize we find that the charge group of even untwisted branes is Z fc+1 . 
This result has already been obtained in ^U]. It coincides with the computation of 
RR- charges in 
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5 Conclusions 



In this work we presented a proposal for a simple rule for boundary RG flows in coset 
models. A specialized version of the rule for untwisted Cardy boundary conditions 
had been announced earlier Evidence for the rule comes from three directions. 
First, the rule is in concordance with perturbative results. Second, there are strong 
arguments that all flows described by the rule satisfy the general 'g-theorem' of Af- 
fleck and Ludwig. Third, in a number of examples, including non-trivial exceptional 
coset constructions, the rule is able to reproduce flows that have been obtained by 
different means. 

In the last section of the paper, we presented the broad range of application 
of the rule in different coset constructions. Having a rich knowledge of possible 
boundary RG flows in particular models, we can start to determine quantities that 
are invariant under RG flows. Interpreting the RG flows as dynamical processes be- 
tween brane configurations in string theory, the determination of invariants leads to 
the computation of D-brane charge groups. For WZNW models such a computation 
has been performed in l4~4*j using the rule of Affleck and Ludwig. We showed 
how the generalized rule can be used to determine brane charges in N = 2 mini- 
mal models. The same method can be applied to other coset models, in particular 
to other Kazama-Suzuki models and compared to the RR-charges that have been 
calculated in 

Let us mention two open issues that one could consider in the future. In the 
perturbative regime we see a lot more flows than are described by our rule. What 
happens to them when we take the level to finite values? Another problem which 
is almost unexplored concerns boundary RG flows for non-maximally symmetric 
boundary conditions. In the perturbative regime, we have some (though very lim- 
ited) informations from non-symmetric solutions of the effective action found in [2*7j . 
It would be interesting to study these boundary conditions and their relevance for 
brane charges further. 
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A Compatibility with g-conjecture 



9L := E^'tP > ff 2 == • (35) 



In this appendix we want to show that the inequality (|17|) which describes the 
compatibility of our proposed rule with the g-conjecture is satisfied when we take the 
levels to be large. For convenience, let us rewrite the inequality here and introduce 
the abbreviations gi and gn for left and right hand side of the relation, 

°s'o > £, 

~S^~ $00 S oo 

We shall expand both sides of the relation to the order 1/k 2 where k is the level 
which is sent to large values. Note that we not necessarily have to take all levels 
to be large as long as the representation S is trivial w.r.t. the algebras that stay at 
small levels. 

Let us consider the simplest case when g and f) are simple Lie algebras with level 
k and k' = kx e , respectively. Here, the integer x e denotes the embedding index of 
the embedding f) <^-> g. When we want to expand the expressions in (|35|). we can 
make use of the formula 

S 10 / 7T 2 



dim(V s ) (l - ^- 2 g w C s ) + 0(l/k*) (36) 

^00 \ OK / 

which can be found e.g. in [T71 eq. (13.175)]. Here, g v is the dual Coxeter number 
of g, V^ 5 is the representation space of the representation labeled by S, and Cs is 
the quadratic Casimir, 

T M are the generators of the Lie algebra g. To relate the Casimir of a g-representation 
with that of a representation of f) we use the formula 

where the T' m are the generators of f) embedded in g. 

Now we are prepared to check the inequality ([35)1 . We expand the l.h.s. according 
to the formula (J36j) and obtain 

9l = J2 b ss^MV S ')(l- ^fiCs) +0(l/k' 3 ) . 
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After some manipulations and applying the relation (|37|) we arrive at 

Inserting kl = kx e and using the fact that dim g > dim i) as well as g y > g y / x e we 
can finally conclude that gi > Qr in the order 1/k 2 . 

The proof for semi-simple Lie algebras can be done essentially along the same 
lines. Let us sketch the procedure in the example of a coset model of the form 
0^ © • • • ©A*. /f)&' where the level of the denominator is determined by k' = k\X\ + 
■ • • + k n x n . Using the expansion formula (jHSI), we reduce our problem to proving the 
inequality 

n v v 
E| tr (^) > fXMf • (38) 

The left hand side can be estimated from below as before, 

EpM 1 ?) > y4^£F7 tr ( If ) • (39) 

We show now that this estimate is good enough to prove ()38j) . i.e. that the difference 



is positive. By introducing aj := <J kiXi/ J2j kj x j we can rewrite rj in a manifestly 
positive form, 

rr* Ll + a n a n a* J 

i=i 

which completes the proof. 

B Tables for flows in specific models 
B.l Critical Ising model 

Boundary conditions: (free), + (spin up), — (spin down). 
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Coset realization SU ^ — ® SU ^ ^ 2 : Perturbing field has h 

su(2) 3 

Flows resulting from (jl6j) starting from 
— a single boundary condition 

— > + 



a superposition of two boundary conditions 

+ © ► 

— ► + 



B.2 Tricritical Ising model 

Boundary conditions: 



„ . , Conf. weight h r 
Symbol . _ g-factor 



+ 


3/2 


a ~ 


.5127 







a « 


.5127 





7/16 


aV2 « 


.7251 


Of 


3/5 


fo/av 7 ^ « 


.8296 


-0 


1/10 


fo/av^ « 


.8296 


d 


3/80 


6/a « 


1.173 



5 - V5 , 2 5 + V5 



Here, a = , b 

40 2 

• Coset realization — — — t— ; — — - : Perturbing field has /i 

sn(2) 3 

Flows resulting from (|16|) starting from 
— a single boundary condition 

d — ► 0+ — > 

— ► +©- — ► + 
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— a superposition of two boundary conditions 

0®d — ► d -©0+ — > - + ©- 

— > — ► -0 

— > + © - — > d 

— ► 0+©-0 — ► 

— a superposition of three boundary conditions 

2-ci©0 — >d 2--0© + — > d 2-04-©- 

— ► -0©0+ — > -0 

Coset realization - — 7 ^®j~ — — : Perturbing field has h = 1/10 
Flows resulting from ()16j) starting from 

— a single boundary condition 

d — > + 



a superposition of two boundary conditions 

0+ffi-0 — ► 0®d 

a superposition of four boundary conditions 

+ ©-©0+©-0 — > d 2-0©2-d 



a superposition of six boundary conditions 

+ ©-©2-0+©2--0 — ► 0+ 2-0©4-d 

— ► -0 
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B.3 Three-state Potts model 

Boundary conditions: A, B, C, AB, BC, AC, F, N (see table □ on page ETJ. Note 
that the model has a Z3-symmetry which acts on the boundary conditions as A — > 
B — > C — > A, AB — > BC — > AC — > AB, the boundary conditions F and N are fixed. 
We shall only write out flows modulo this symmetry, e.g. the flow A © B — > AB 
stands also for B ® C — ► BC and C © A — ► AC. 

• Coset realization M ( _i ® su ( ) 3 . Perturbing field has h = 2/3. 
Flows resulting from (jl6j) starting from 

— a single boundary condition 

F — > BC N — > BC 

— > A — > A®BC 

— a superposition of two boundary conditions 

2-F — > N 2-N — > FQ)N A®B — > AB 

— y BC — > A®BC AB © AC — > A © BC 

— a superposition of three boundary conditions 

A®B®C — > N AB®BC®AC — > F®N 

— > F — > N 

— > AB — ► A®BC 

— > A — > AB 

3-F — > N 3-N — ► F ® N 

— > F — > N 

— a superposition of six boundary conditions 

2- A®2- B ®2- C — > N 
2 ■ AB © 2 • BC © 2 • AC — ► F ® N 



45 



Coset realization SU [ x ^ 3 : Perturbing field has h = 2/3. 

u(l) 1 

Flows resulting from f)16|) starting from 

— a superposition of two boundary conditions 

A ®B — > AB 2-F 
AB ® AC — ► A®BC 2-N 

— a superposition of three boundary conditions 

A®B®C — > AB 3-F 
AB®BC®AC — > A®BC 3 • iV 

— a superposition of four boundary conditions 

2-A®B®C — ► A 4-F 
2-AB®BC®AC — > AB A-N 

Coset realization — — — - : Perturbing field has h 

su(3) 2 

Flows resulting from (jlfi)) staring from 

— a single boundary condition 

AB — > A N 
— ► B 

— a superposition of two boundary conditions 

A®BC — ► AB F ® N 

— > AC 
— ► A 
— > B 
— > C 

— a superposition of three boundary conditions 

A®2-BC — ► BC F®2-N 
— > AB 
— > AC 
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